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Introduction

Neutron stars: composition

Coulomb Crystal

Relativistic electron gas O\}t?{ Qrgsr

_ -~ " Inner Crust =~ _

Coulomb Crystal
Relativistic electron gas
dripped neutrons

(e Zn)

Inner Core
hyperons?
m-condensate?
K-condensate?
quark matter?
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Neutron stars: crustal matter and nuclear pastas

meatballs spaghetti lasagne ziti Swiss cheese

Inner OOO ' Ilflaiiii .. A Ottt

Crust o O Core

Starting from the inner crust, with increasing density

() ® sauce

e three-dimensional spherical nuclear clusters (meatballs)

e two-dimensional cylindrical tubes of dense matter (spaghetti)

e one-dimensional slabs interlaid with planar voids (lasagne)

e two-dimensional cylindrical neutron liquids within the nuclear matter (ziti)

e three-dimensional spherical neutron-liquid-bubbles embedded in the
nuclear matter (Swiss cheese)

e transition to the neutron star core, uniform neutron matter (sauce)
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Neutron stars: crustal matter and nuclear pastas

Inner
Crust

meatballs spaghetti lasagne ziti Swiss cheese

OOO ' l{a li- .. ® Outer
© O I | I () ® sauce Core

The matter is frustrated. The system finds itself in a dynamical compe-
tition between the short-range nuclear attraction and the long-ranged
Coulomb repulsion, making it, for the system, impossible to minimise
all its elementary interactions. This results in a multitude of competing
quasi-ground states from which the system has to choose and leads to
complex-shaped nuclei.
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Why is it important?

e Supernova physics

Neutron star cooling
The r-process
Neutron star glitches

Gravitational waves
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Neutron stars: crustal matter and nuclear pastas

meatballs spaghetti lasagne ziti Swiss cheese
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Why is it important? How to study it?

Supernova physics
Neutron star cooling
The r-process
Neutron star glitches
Gravitational waves

e Liquid drop models

e semi-classical models
(Thomas-Fermi)

e Hartree-Fock
e Molecular Dynamics
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Nuclear pasta’s: The liquid drop model

e The geometry you investigate is
the geometry you implement

e Semi-empirical method

e generally the canonical pasta
phases

e static

K. Nakazato et al., Phys. Rev. Lett. 103, 132501 (2009)
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Nuclear pasta’s: The Hartree-Fock method

e The geometry you investigate
relates to the geometry you
implement for the boundry
conditions

e mean-field method
e canonical pasta phases
e static

W.G. Newton et al., Phys. Rev. C 79, 055801 (2009)
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Nuclear pasta’s: The Quantum molecular dynamics
technique

e The geometry you investigate is
the geometry you get

(d) 0.245p, 3.50fm [ (€) 0.247p, L=43.36 fm , 1=43.28fm ° many_body

e canonical and intermediate
pasta phases

e time dependence

e Lacks quantum mechanical
features

G. Watanabe et al., Phys. Rev. Lett. 103, 121101 (2009)
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Why molecular dynamics?

e The study of time-dependent effects
e Matter out-of-equilibrium

Unbiased with regard to the geometry of the nuclear clusters

Thermodynamical properties through ergodic principle
Phase transitions of matter

What to study with it

e Nuclear physics
e Condensed matter
e Liquids
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Molecular dynamics: Classical vs. Quantum mechanical

W.R. Hamilton

Hamilton’s least action principle:
e point particles

E. Schrodinger

The time-dependent variational principle:

-s=f5zdr=f<xp \I/>dt
e parametrised trial state:

(1)) = f(D]e(z(1))

.
i H
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Molecular dynamics: Classical vs. Quantum mechanical

W.R. Hamilton L . .
Hamilton’s least action principle:
. OH
=55,
JH
[ an

—_—

E. Schrodinger
The time-dependent variational principle: e

o g 0
1 Z = aZ*
_ 9%In(®|®)
020z
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Fermionic molecular dynamics: the trial state

J. C. F. Gauly The fermion wave function, a
quantum-dressed Gaussian wave packet

195) = D CuplArpbi) ® Ltip) ® 1€,
k

(x|ADb) = exp{—%(x —b)-Al(x — b)}

J. C. Slater
An antisymmetric A-body system is a Slater .
determinant of fermion wave functions.
(xqlqr) .. (x1lqa)
X1,...,Xa|®) = — det o, :
< 1 Al ) m . . o
(xalqy) .. (xalqa)
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Bulk fermionic molecular dynamic

Fermionic molecular dynamics: expectation values of
operators

e One body operator

QB &
% = == B
"7 («QlQ) p2q=1<q"| 1ldg)0qp

e Two body operator

(Q|BII|Q

1 A
‘%H = Q|Q 5 Z qpqr|BII|qqqs)(0qposr _quOSP)

e The metric C
C _ 32nab . A anap o 3nqb o
ab 0z;07, L= Oz PT 9z, ba

o _ — =
with n,, = (q,|q,) ando=n"".

)
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Fermionic molecular dynamics: expectation values of
operators

e One body operator

QIBIQ) &
B = = B
! (QlQ) qu11<qp| Iqu)oqp
e Two body operator
@BylQ) 1 &
B = —— = B ] 0, — 0,0,
T 2pq;1<qpq 1B111444.) (04,0, — 04,0.,)

e The metric C

2 A
e 9°ng, ong, o ong, .
ab = p - % " Opa" 3 | " 9ba
02702 = oz 22,

Expectation values require the overlap matrix n and its inverse o. J
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FMD vs CMD

Advantages of FMD over CMD

FMD handles the evolution of a quantum mechanical Gaussian structured
fermion wave function.

e probability distribution are implemented
e Antisymmetry is incorporated leading to Pauli repulsion
e Spin and isospin are variational variables
CMD handles the evolution of classical point particles
e Pauli potentials could simulate Pauli repulsion

| \

Advantages of CMD over FMD

CMD is an N2 process while FMD leads to N*, however we should not be
afraid of this!

v
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Periodic boundary conditions

Periodic boundary conditions

e One unit cell contains N single
particle states

e The unit cell is periodically
replicated in all directions
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Periodic boundary conditions

Periodic boundary conditions

e One unit cell contains N single
particle states

e The unit cell is periodically
replicated in all directions
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Periodic boundary conditions

e One unit cell contains N single
particle states

e The unit cell is periodically
replicated in all directions
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Periodic boundary conditions

e One unit cell contains N single
particle states

e The unit cell is periodically
replicated in all directions

What about FMD with PBC?

e Fermions require
antisymmetrisation

e Antisymmetry does not stop at
the border of the unit cell

e FMD must be applied to the
infinite periodic system
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Periodic boundary conditions

e One unit cell contains N single
particle states

e The unit cell is periodically
replicated in all directions

What about FMD with PBC?

e Fermions require
antisymmetrisation

e Antisymmetry does not stop at
the border of the unit cell

e FMD must be applied to the
infinite periodic system

HOW?

A
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Periodic Boundary Conditions: Common unit cells

Square lattice Hexagonal lattice

Face-centred cubic ~ Body-centred cubic
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Toeplitz structures reflect the periodicity

The PBC create an infinitely large system, leading to an overlap matrix N
that is bidirectional-infinite dimensional. What is its structure?
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Toeplitz structures reflect the periodicity

The PBC create an infinitely large system, leading to an overlap matrix N
that is bidirectional-infinite dimensional. What is its structure?

L~ L~
1
]

"\ 7y "
\
8 I

\

- /

e Overlap of two unit cells shifted
over P =Pa; and Q =Qa;:

Npgpq = (Qp|ﬁ(Pa1)T(Qa1)|qq) N
= (q,|T ((Q —P)ay)lq,)
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Bulk fermionic molecular dynamics

Toeplitz structures reflect the periodicity

The PBC create an infinitely large system, leading to an overlap matrix N
that is bidirectional-infinite dimensional. What is its structure?

e Only the relative displacement
plays a role

N= L1101 1 ]

NPQ,pq = (qplT ((Q - P)al) |qq)

=Dp_Qpq =
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Toeplitz structures reflect the periodicity

The PBC create an infinitely large system, leading to an overlap matrix N
that is bidirectional-infinite dimensional. What is its structure?

\ VY
I\ | 4 \\ )
e Only the relative displacement
plays a role em e
=mEIzzEz
Npopg = (@I T ((Q = P)as)lq,) N=
=TNp_qpq =
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Bulk fermionic molecular dynamics

Toeplitz structures reflect the periodicity

The PBC create an infinitely large system, leading to an overlap matrix N
that is bidirectional-infinite dimensional. What is its structure?

e Only the relative displacement

plays a role T
L 1 11|
N | -S==EEEEEE.
Neqpq = (6IT ((Q = Plar)lg) EEEEHH
..
=Dp_qpq =  EEEEEmmmE
A Toeplitz structure reveals itself in the overlap matrix. J
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The overlap matrix has a nested block Toeplitz structure where each block
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expectation values in BEMD

After some exciting math, one finds

A
f Z B15q(k)0, (K)dk,
B

Z pg=1

pII 2V2 fj ‘%II,R,pqrs(kl:kz)
BZ RE‘qurs 1

x [ qp(kl)ﬁsr(kZ) - 0qr(kl)0sp(k2)eiR.(k2_kl):| dklde

1 02N (k) aﬂa ( ) AN (k)
Cp,ab =S V_J ( 5 *ab Z P q(k) o L
B2 Jaz 202 2z,

pq=

x 0,,(k)dk

Here we have A/, (k) = D zeo Nr pge” “® and 0(k) = A (k). J
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expectation values in BEMD

After some exciting math, one finds

A
J Z B1pq(K)0 4, (k) d e,
B

Z pg=1

A
Pour = 2V2J Z B11Rpers(K1, k)

RE‘B pgqrs=1

x [ qp(kl)ﬁsr(kZ) - 0qr(kl)0sp(k2)em.(k2_kl):| dkldk2

C _ 1 32</Vab(k) 4 a‘j‘/ap(k) (k) 3‘/qu(’<)
PO Voy Juy \ 0303, A 0 M %)

x 04, (k)dk

Expectation values become mere integrals over the first Brillouin zone of
the lattice.
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Kinetic energy of a one dimensional fermion system

ESO, T T T T —
= — Particle in box
§Q40’ ) ]
2 — —  Free particle
=
S 30F —
g ‘ermi gas
g 20} E
g =

10F T 1
& TSmsoao
¢ ol ‘ Bt S L T I
= 0.0 0.5 1.0 1.5 2.0
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Densities of a one dimensional fermion system

mion Bulk fermionic mol

ilar dynami

Results

1 20
@) a/t=02 ) a/t=02
15
<10
05 \
0.0
-2 -1 0 1 00 05 1.0 15 20
2.0
© a/t=1.0 @ a/t=1.0
15 ke=n/t
<10
0.5
L L L L 1 00 L i i i
=) -1 0 1 2 00 05 1.0 15 20

scaled position x/ £

scaled momentum [k}/k

e For small overlap: the particles behave as distinguishable particles
e For large overlap: the particles reproduce free fermi gas behaviour
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Momentum density in two dimensions

Square Bravais lattice Hexagonal Bravais lattice
1.0 1.0
05 05
0.0 0.0
=2 -1 0 1 2
ky/ kg ky/ kg

One Gaussian per cell

e Ja/t=0.2
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Momentum density in two dimensions

Square Bravais lattice Hexagonal Bravais lattice
2 1.0 1.0
1
<
S o 0.5 05
-¥>§
=il
-2 0.0 0.0
=2 -1 0 1 2 0 1 2
ky/kg ky/ kg

One Gaussian per cell

e Ja/t=0.3
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Momentum density in two dimensions

Square Bravais lattice Hexagonal Bravais lattice
2 1.0 1.0
1
<
~N O 0.5 0.5
_¥>>
-1
-2 0.0 0.0
=2 -1 0 1 2

ky/ kg ky/ ke

One Gaussian per cell

e Ja/L=06
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Results Conclusion and outlook

Bulk fermionic molecular dynamics

Molecular dynamics for fermions

Introduction
Momentum density in two dimensions

Hexagonal Bravais lattice

Square Bravais lattice
1.0 2 1.0
1
0.5 0 0.5
-1
=) 0.0
=2 -1 0 1 2

k,/ kg

0.0
-2 -1 0 1 2
ky/kp ky/ kg
One Gaussian per cell
With increasing overlap, the momentum dis-

tribution evolves towards the first Brillouin

e Ja/t=1.0

Zone.
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Lattice versus random

Coordinate density pVy, Momentum density p Vg,
1.0

0.5

0.0

x ky/ kg

Gaussian width: /a = 0.2(/5
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Lattice versus random

Coordinate density pVy, Momentum density p Vg,
1.0
1.0
05
05
0.0 0.0

Gaussian width: /a =£/5
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Results Conclusion

fermionic molecular dynamic

Introduction Molecular dynamics for fermions Bulk

Lattice versus random

Momentum density pV,

Coordinate density pVyy,
8.0 2 1.0
1
<
40 N O 0.5
«>x
—1
00 -2 0.0
-2

k./kp

ith a touch of Quantum
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Results Conclusion and

Lattice versus random

Coordinate density pVy, Momentum density p Vg,

1.0

0.0

x ky/ kg

A random distribution of
fermions with large overlap
Gaussian width: /@= £/5 cl.early shovys a uniform coor-
dinate density and a spherical
momentum density.

Klaas Vantournhout (GSI Darmstadt) clea th a touch of Quantum NIC XI 2010 24 /28



Introduction ar dynami

Outline

@® Conclusion and outlook

NICXI2010  25/28



Introduction Molecular dynamics for fermions Bulk fermionic molecular dynamics e Conclusion and outlook

Conclusion ...

e We introduced a molecular dynamics technique to study fermion
behaviour.

e The overlap matrix of a fermion system, and its inverse, are the key
elements of FMD.

e We introduced periodic boundary conditions to study bulk matter
and showed that the problem becomes tractable and computational
friendly.

o We showed that fermionic behaviour is accounted for
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Conclusion and outlook

Solving computational issues

¢ A good numerical time-reversable
energy-conserving integrator for
the equations of motion

e Introducing a thermometer for the
system

e Adapting the Ewald-summation for
long-range interactions as the
Coulomb interaction

Boil an 8 to 20 solar-mass star in its own plasma.

® Meanwhile, drain some hydrogen from a nearby star and add a

touch of helium to it. Don’t take too much, or the hydrogen
sauce will gnite itself The study of nuclear matter
®  When the star is well done, a neutrino flash will burst out of the ° I d b f
star. At that point, quickly peel the outer layers of the star down ts groun state Y means o
to the neutron core. Don’t wait too long, or your dish will g
explode, proper nuclear potentials
®  Skim the crust of the neutron core, and place it on a nice ° Structure ﬁ.lnctions thrOu h
uranium plate. g
®  poor over the hydrogen sauce and sprinkle some freshly grated dynan‘llCS
planet on.
® Serve the dish to the closest black hole. e and more ...
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