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Siepics of Numerical MHD

-

I EqUations: MHDPrimerand-Outiook
Relativistic MHD

ntérmezzo I1I: Characteristic Waves and

gitrbulence, characteristic speeds
= & Div(B)-Problem
¢ Numerical Schemes
e Application I: Disk simulations
e Application II: Jet simulations
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MHED' Primer

viagnetohydrodynamics; (MHD) equations
ibeiflowseficonducting fluids; (ionized
igases, liguid metals, plasma) in presence of
magnetic fields.

['erentz forces act on charged particles and

change their momentum and energy. In return,
particles alter strength and topology of magnetic
fields.

e Range of validity of MHD equations, especially

of ideal MHD is narrow. Therefore,
|




_Mﬂ.D eguations are typlcaIIy derived under
ivllowing

id. approximation.(often,, single-fluid
Rapproximation);

Ciarge neutrality: p. ~ 0 ;
=Simple transport coefficients;

~ — Norelativistic effects;

—In : infinite conductivity (zero
resistivity), zero viscosity and zero thermal
diffusivity.




___- MHD Equations (1. .component)

-

0 P: mass
°2 +0mev) =0 Jensity

ot p: pressure

—

- (oV _ V: velocity
- ,0(— +(V )Vj ={Ip+|xB B: magnetic

ot field

0 0E J: current

—+{pVH - (Bx(VxB))) =0 density
ot H: enthalpy

0B PSSt

—+x(VxB)=0 (B =0 BERG

ot energy




fominent MHED. Solvers

=USSID (StenerdrNorman1992)

RVVANAZ2 (AMR, not parallel, U. Ziegler 1997)

RVANA_CP (vectorized, cooling, parallel, LSW)

RVVANA3 (Cartesian, not parallel, U. Ziegler 04)
(parallel, AMR, not spherical, in progress)

e VAC (parallel, AMR: Rony Keppens)
e PLUTO (Chicago solar physics group, Torino)

e BATSRUS (AMR, parallel, Cartesian, developped
by Ken Powell for ,space weather™)

e All these codes will be ,,benchmarked” by JETSET.




Aaveetive Form of MHD. Equations
(ZEUS5D, NIRVANA)

-V - (p0)

T T
V. (pt@7)—-VP+—VB* 4+ —(B.V)B - pV®
akiy dr

~V.-(ed) - PV-3+ 1512 Vx B2+ V- (kVT)+o: V5

S = e: internal
Vx|lgxB—-—VxB
N (u 4o ) energy density

—I3p min(0,V - 7) x (‘G’ﬁk = %‘G’ : LT)

{ap (0z; x min(0, ?E’ik}z) dik ViSCOSi‘I'y

=>artificial




Basic Equations In
Conservative Form (FLASH, VAC,...)

E'l'?'[ =4

3ﬂ+?-[vpu—ﬂﬂ]+?pm=ﬂ

ot
de
—+ V- (vet+vpit—BB-v—-Bxnld)=0

ot
%—?+?-(uﬂ-ﬂu]+?x[ﬂﬂ=ﬂ

Poynting flux only appears in energy equation,
but not In momentum equations.




Conservative MHD (New Approach)

e Conservation equations for

® (i) mass density p

® (ii) momentum density pV

® (iii) total energy density e = p E

® (iv) magnetic field B, or magnetic flux

® (v) total pressure p, = p + B2/8mm,
=» gas pressure




. [deal"™MHD Equations

pVV + (p+ Z)I - BB
V(pE +p+ £)-B(V-B)

VB - BV

e MHD equations form a hyperbolic system =>»
Seven families of waves

® = entropy (contact), Alfvén and fast and slow
magnetoacoustic waves.

® Suitable for Godunov methods




@nrEenservative Schemes

.e define, a state vector U in 8D. for MHD

merevolution given in fiux conservation form
change of U in a volume given by fluxes

nreugh the surfaces ( + volume source terms,

Argeneral).

— SWith initial conditions U(0,x) = U,(x)
= ® and boundary conditions U(t,x,.) = U,(t).
® = Modern solvers based on such schemes.

U = {p, pv, pE,B}T
du

a—+? FU| =




Interimezzo 1.
RE(ativistic MHD:is Similar
senservativerNewtenian - MHD

Amitive Variables:
= ( oy Vx/ Vyl VZI P, BXI Byl BZ )

SSiln conserved quantities D, S,, S,, S,, T this
IS written similar to non-relativistic
eguations

U +8,F-+9,F¥ +9,F° =Q ,




SialerVector ConservativerForm

DY
5% ph* W2y — pob®
Sv ph*W2yp¥ — B
5% o ph*W?2y* — b

it Y R W2 — p* — B°B° — pW
p p p

BT "
BY BY

\B*) \ B

State vector depends non-linearly on the

primitive variables | b is the magnetic field
in the plasma frame, B in the lab-frame.



Eltxes

o

5 The fluxes, F*, are then

( pWu' \
ph*W2yrv® + p*ét — b'b"
ph*W2yiy¥ + p*d; — bbY
ph*WEwiw* L :5; - bibz
ph* W2yt — b — pW o
v* BT — B'W®
' BY — BYwY
v B?* — B*v?




MEDrEquations in FLASH

dp
ot
dpv
ot
dpE
ot

0B

ot

+ V:(pv)=0

+ V-(pvwv—BB)+Vp. =pg+ V-7

+ V- (v(pE+p,) —B(v-B))=pg- v+ V. (v.-7+0VT)+ V- (Bx (nV x B))
+ V-(vB-Bv)=-V x (nV x B)

where

B?

= p* — p+ 2 ¥
= 1 1 B?
E = EUE—FE—F E?,

T = U ((‘Fv) +(Vv)" — g(‘? : v))

® Advective terms are discretized using slope-limited
TVD scheme (E.F. Toro: Riemann Solvers ...).

e Diffusive terms are discretized using central finite

differences.



odules

REULTed

EQUIRES
EQUIRES
EQUIRES
EQUIRES
REQUIRES

driver
materials/eos
materials/viscosity
materials/conductivity

DEFAULT divb_diffuse

# Required Variables

VARIABLE dens ADVYECT NOREMNORM
VARIABLE welx ADVECT NORENOEM

- VARIABLE wely ADVECT NOREMORM
- VARIABLE wel=z ADVECT NOREMORM
-  WVARTIABLE pres ADYECT NORENORM
ARIABLE ener ADVECT NOREMORM
ARIABLE gamc NOADVECT NOREMNMORM
ARIABLE magx ADVECT NORENORM
ARTIABLE magy ADVECT NOREMNOEM
ARIABLE magz ADYECT NOREMORM

ARIAELE divb MNOADYECT MORENOEM
ARIABLE temp MNOADYVECT NORENORM
ARIAELE eint MNOADYECT NMORENORM
UARDCELLS 2
MHD Parameters

PARAMETER cf1 REEAL
PARAMETER UnitSystem STRING
PARAMETER killdivb BOOLEAN

PARAMETER resistive_mhd BOOLEAN

materials/magnetic_resistivity

EXCLUSIVE divb_diffuse divb_project

CONSERVE
NOCONSERVE
NOCONSERVE
MOCONSERVE
NOCONSERVE
NOCONSERVE
MOCONSERVE

CONSERVE

CONSERVE

CONSERVE
MOCONSERVE
NOCONSERVE
NOCONSERVE

1.0

"none "
TRUE
FalLSE

HEEEEEEEEEESES

o EEE

EILASHMHED) Config-File

State Vector

density

x—velocity

y—velocity

z—velocity

pressure

specific total energy
sound—speed gamma
x—magnetic field
y—maghetic field
z—maghetic field
divergence of B
temperature

specific internal energy

CFL condition

Unit system (S5I/cgs/nhone)
Enablesdisable DivE cleaning
Turn on/off resistive terms
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|,. read input parameters

I setup grid and initial model

> one dimensional sweep
| set boundaries for primitives ‘
l source terms & geometric factors |

| spatial interpolation ‘

' Riemann solver ‘

set boundaries for magnetic fluxes

update state vector

recover primitives

b
6
:
‘
i
£
-]
2
2
&
z
E
o]
£
:
;

end of simulation




Int II: MHD Characteristic Speeds

We assumstationaryidealhomogeneougonditions as the intial state of the
single-fluid plasma, with vanishing average elecand velocity fields, overal
pressure equilibriumand no magnetic stresses. These assumptions yield:

These fields are decomposed
as sums of their background
Initial values and space- and
time-dependerituctuations

as follows:




Linear Perturbation Theory

Because the MHD equations are nonlinear (advection term anc
pressure/stress tensor), the fluctuations must be small.

= Arrive at a uniform set of linear equations, giving the
dispersion relation for the eigenmodes of the plasma.

=» Then all variables can be expressed by one, say the
magnetic field.

- _'k'L.JsuaIIy, In space plasma the background magnetic field is
- sufficiently strong (e.g., a planetary dipole field), so that

one can assume the fluctuation obeys:
6B| < Bo

In the uniform plasma with straight field lines, the field
provides the onlgymmetry axisvhich may be chosen
asz-axis of the coordinate system such th&;=B.¢,.




S

Linearized MHD equations |

—

narization of the MHD equations leads to three equations
or the three fluctuationgn, ov, andoB:

aon
PN | oV -6v =0
g T MoV oV

o)) 1 1
mingﬁv = -V (ﬁp + —Bg - 5]3) +—(Bp-V)dB

HO HO

06B

Using the adabatic pressure
law, and the derived sound
speedc = py/mn,, leads to an
equation fordp and gives:




Linearized MHD equations |l

—

Inserting the continuity and pressure equationg,Leing the Alfvén
- velocity, , two coupled vector equations result:

o0 (6B
- == ot \ Bp

—

= i
—
—

)ZV(SVJ_E(VJ_-(sVJ_)

—  Time differentiation of the first and insertion bt second equation yields a
which can be solved Wyourier transformation.

825v

52 2 V (V- 58V)

+ 3 (Vijdv — VVbu; — &V V - ov)




Dispersion Relation

|

‘The ansatz ofravelling plane waves

- ov = dvg exp(ik - x — iwt)

ith arbitrary constant amplitudéy,, leads to the system,

sz H’UA) I-— C kk —|— (keH —|— er) ]{:H’UA} 5V0 =0

-

= [0 obtain a nontrivial solution the determinant muwstigh, which means

Here themagnetosonic spead given by ¢ 2= c2+ v,2 The wave vector
component perpendicular to the field is orientedh@lthe x-axis, kX &+ k&,




Alfvén Waves

lon decouples from the other two components and has
e linear dispersion

WA — :|:k”’UA

The transverse velocity and magnetic field components are
(anti)-correlatedaccording to: ov,/v, = + 0B,/B,, for

parallel (anti-parallel) wave propagationrhe wave electric
field pointsin the x-direction: OE, = 0B,/v,




- Magnetosonic Waves

rgl'ﬂﬁ remaing four matrix elements couple the fluctuation
mponentsov; andov,. The corresponding determinant reads:

which are the phase velocities of the compredsiseand
slow magnetosonic waveshey depend on the propagation
angle0, with k.2/k? = sin’B. For® = 9¢° we have:w= kc.,
ando = O~




Phase-Velocity Polar Diagram of MHD Waves




ase Velocity vs Propagation Angle
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Magnetohydrodynamic Waves

* Magnetosonic waves

compressible

- parallel slow and fast

- perpendicular fast

Crns = (C2H V)2

 Alfven wave
Incompressible

parallel and oblique

v, = Bl(4mp)12




... Aliven waves In the solar wind

q1 .
- Sb,

1

WWWNMJ&WW K

- =50

o ecttiiepy |
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5 _‘—-.- R e e S e - Lnn
h,_--w—"—-ﬂ—ﬁ.-"“ e M e, s i, W

BIYl  ° T —

200

DI;DIJ ) l 3:00 ' [ E:'Bﬂ ) ) 3;00 .
R = 0.97 AU TIME [HOURS)

Neubauer et al., 1977 Helios OV =+ 6VA




et — Anatomy - Shocks

[

ambient gas

interface

beam/ambient gas shocked
ambient gas

il = S . _— -
L VR Oy e ~ discontinuity

" hot spot

Mach disk Fast
shock  magnetos

shock

internal shocks

turbulence

vortices
bow shock

(Fast magneto)sonic

shock




SAGDIV(B) Problem

~ =5 Hawley 1992)
-S> staggered mesh (ZEUS, NIRVANA codes)
= Dai & Woodward (1998),
Ruy et al. (1998),
Balsara & Spicer (2000)




SSN{nr8=wave formulation by. Powelll(1994;
1006)
IStrequiresrtheradditionref seme

=» only conservative schemes can handle
= jump conditions correctly !

~ ® (iv) Write B in terms of vector potential A,
B = rot A = complicated equations




o

'4"|.r

Difffferent: Coordinate Systems

In this work, we are primarily interested in three coordinate systems: Cartesian coordi-

nates for which
(Ilizi:IS) == (Iry:z)r (hlihiihﬂ) — (111:1)5
cylindrical coordinates for which
('TIJIEJIS] = (T:znﬁb): (h’lrhE:h’S) = (1:]-:T):
and spherical polar coordinates for which
(z1,x9,23) = (1,6, @), (h1, hg, hs) = (1,7, 7sin8),

where h; are the metric scale factors. If not stated otherwise, zs 1s always the ignorable

coordinates for a reduced 2-D problem,




—

e

ol

il

The conservative form of the MHD equations are a slight different for different geome-

tries, because the divergence operator V-, gradient operator V, and curl operation V x have

different forms in different coordinates. Basically for the gradient of a scalar function, we

have
W_laflaflaf_
B h]_ 311 : ha 31‘2’ hs aIg ’

for the divergence of a vector A = (a;, az, as), we have

1 d

7, 0
- A= hah —(hih —{hh :
\Y hiahe (311( 2 331}+3I2( 1 3‘12]+3I3( 1 2”—3))1

for the curl of the vector A, we have

1 a d
hahs (a_xz(hﬂ“ﬂ ) a_m—a(hﬂ“ﬂ) |

1 (i(hlﬂl] - i(hsﬂs)) :

hihs

1 J d
hlhz (B—Il(hgﬂ.g) = 3_12("11&1)) } .

fol:{




dq 1 a a a
- hohF —(hh G ——(hhoH) )} =S 5
3t i (e (hahsB) + 5 (mhG) + 5 (uhaD) ) =, )
q—= (p! U, pUa, Pus, Bl:l Bz, B3?E}t! State Vector'
and the flux functions are
/ AU \ ( pU2 \
pvi — B} + p* puau; — Ba B,y
puvy — B1 By iy = By "
v, — BB v, — BB
F— P Uy 103 .- PUaUg 203 |
0 —(3
(13 0
—Qz Ql
\(E +p")o, — B(B-v) / \(E +p")v2— By(B-v) /
( Pus \
puzvy — BB,y
puzvy — B3 B,
2 _BE *
H— g 3 TP ,
92
=P
0

\(E 1 p)vs — By(B-v) )




and the source terms are

/ 0
BIBE_PVIT-’E Bhl _I_ BIEE priv3 ah]_ _l_ Eaﬁg _|_ _I_ (hzha}
hiha hl ha ﬁ.lhg 3::1 hlh;; hi hghg BE]_
ByBy—puyuy %  BeBa—pravs ma_ha 4 eBiom | By - 8(hyh3)
hihs 3.'1.'1 hahs ﬁ.lhg EIE hghg a‘zg hihahg 312
B3By—puyvs Shy | B1By—pvivs Bhg + B ohy R + p*  O(hiha)
S . haha oz hiha ﬁ.lh.:-] dra hghg hihahs 93
o ﬂg Eh.l ﬂa ﬂhl
h1h3 O3 hihz Oza
32 oha [ _hz
hi1h2 dz1 hahz Oza
0, dhs Qo Bhg
hahsz EIg hihs 331
\ 0
where
p'=p+-B-B
1s the total pressure,
() =wvyB3 —wv3By, (=B —vBy, =v,B,—v,B

)










F ig. 7.T7-a.— Density contour plot for Roe’s

| method with two-level refinement
—=4

Berl2

Fig. 7.7-c.— V - B plot for Roe’s method with
two-level refinement.

L i
0.8 og |

Flg 7.7-b.— Density contour plot for HLLC
solver with two-level refinement.

Fig. 7.7-d.— V - B plot for HLLC solver with
two-level refinement.
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— Flg 7.8-a.— Density contour plot for Roe's
= method with three-level refinement.

T
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]

Fig. 7.8-c.— V. B plot for Roe’s method with

three-level refinement.

Fig. 7.5-b.— Density contour plot for HLLC

solver with three-level refinement.

Fig. 7.8-d.— V. B plot for HLLC solver with
three-level refinement.




Magnetic RT

Self-Gravitating
Shock-Cloud Plasma

Interaction

Surface Gravity Wave Rising bubble

Magnetic reconnection




SApplication I: Disk Simulations
~lVlagnetorotational Instability

VEakly: magnetized disks are unstable
Weakfield limit of MHD: 3 ~ 100 — 1000

alpus-Hawley instability (Balbus &
B Hawley 1991; 1998; 2003)

~ ®initially, only 2D shear box simulations

® Since 2000, global simulations, with initial
condition given by some torus distribution

® Challenge: Exact angular momentum
conservation !







AGN paradigm

wind, jet

origin of Fe Ka emission line

| J
i - - B =
Kerr

black inner torus cold thin truncated

hole standard disk

hot toroidal
corona

|[Andreas Miiller, 2004]




Simulations of Radiative MHD
in Turbulent Accretion discs

¢ ‘-’-_; | L D ‘
8 CP per No :

Steffen Brinkmann, LSW



Astrophysical Context
What drives the turbulence in disks ?

General consensus : Accretion disks ARE turbulent,
but because of the pervasive magnetic fields, not
hydrodynamics

The central idea is that weak magnetic fields cause
a linear instability which leads directly to disk
turbulence

Magnetorotational Instability (MRI) likely to be the
source of this turbulence and orbital angular
momentum transport




SAeGretion Questions

gat disk instabilities are present?
dat disk structures arise naturally?

dat are the properties of disk
ilrulence?

grls there a dynamo?
= * How are winds and/or jets produced?
* Origin of QPOsand Fe Ka line
* \What are the properties of the inner disk?

* How does black hole spin affect
accretion?

* How does accretion affect the black hole?

=




‘cT_Ibus-HawIey’s Solution

-

ibidielements inrthersamerorbit, are jeined by aifield line
2 ihe tension in the line is negligible.

ey are perturbed, the line is stretch%d and develops tension.

® The tension acts to reduce the angular momentum of m, and
increase that of m,. This further increases the tension and the
process "runs away"”.




MRI (Balbus and Hawley, 1991)

_3
2

Keplerian radial profile :Q(r) X T

Fluid elements coupled by a weak spring
with spring constant :(k : VA)2

when weak magnetic field is applied

» Spring exerts a tension force on both
elements, transferring angular momentum

from the inner element to the outer

» Instability arises as element separation increasasjngatension to increase,

causing further element separation, etc. (runaway process)




Dispersion relation
After some calculation one finds

[w?— (kuy)?][w*— k20 (a®+u?) + (kuy) 2k%a?]

204 = 02| k26 (a%+u? )+ (keu )4 L
Ad A dInR
d?

Y i T VLY —
kd(kuA)dlnR 0

from which the three magnetosonic waves can be deduced.




Magnetosonic modes

Fﬂl/

mz Alfven
i Slow
I
!
: l! QZ
o ;
1
10t ! o : frequency of the waves
) * Slow i
(Stable) £ :
; Q: rotation profil

0 ['7 77 7T (Unstable) |/




Maximum growth rate

From the analysis of the dispersion relation one finds

i _l‘ d Q
et 2 ldin R
2
2 1 K 2 dQ
(k uA)mar _(Z—I_ 16‘Q )d[ﬂR

which means for the cases of keplerian disks

== (k)

‘ w max 4 max




i€ Simulations omaeﬁen Disks in Close Binaries” -- M.P.Owen.a

Radiative disks are geometrically thin




ridional Plane

Thick Disk
= Kepleri

~  Non-Radiative disk are
geometrically thick

Initial State ,Final State®

Gammie et al. 2004




No cooling
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r [Rg]
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after 690 light crossing times
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after 2000 light crossing times
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S. Brinkmann,
LSW Heidelberg 2005
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litirovlence

diidt [initial torus mass/lct]

Mass Accretion at the Inner Border

without radiation
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dhdidt [initial torus mass/lct]

with radiation
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Photon Bubbles and Shock Trains

Effect
of Radiation
=>Collapse

of disk

[Turner et al., 2005]




rﬁ.eyond Plain MHD

as|stive MHD:




